Let G and G' be multiplicative systems. A half-homomorphism of G into G' will mean a mapping a->a' of G into C such that for all a, bEG, (ab)'=a'V or b'a'. An anti-homomorphism is a mapping such that always (ab)' = b'a'. The terms half-isomorphism, etc., are defined similarly.
It will be shown that any half-homomorphism of a group G into a group G' is either a homomorphism or an anti-homomorphism (Theorem 2). The corresponding theorem for nonassociative rings (with the added requirement that (a + b)' =a'-\-b') was proved by Hua [l] (see also Jacobson and Rickart [2, Lemma l]). For halfisomorphisms, it is sufficient to assume that G and G' are cancellation semigroups in order to obtain the analogous result (Theorem 1). Examples are given to show that Theorem 1 is false for semi-groups and for loops.
Theorem
1. Every half-isomorphism of a cancellation semi-group G into a cancellation semi-group G' is either an isomorphism or an antiisomorphism.
Proof. The proof will consist of six steps.2
(1) If xy=yx, then x'y' =y'x'.
Proof. By proper choice of notation, (xy)' = x'y'. Hence (x(xy))' = x'2y' or x'y'x', while (x2y)' = xny' or y'x'2. If (x2y)'^x'2y', then x'y'x' =y'x'2 and x'y' =y'x'. If, on the other hand, (x2y)' =x'2y', then (x2y-y)' = x'2y'2 or y'x'2y', but (x2y2)'=((xy)2)'=x'y'x'y', and so in either case, x'y' = y'x'.
(2) If (xy)' = x'y', then (yx)' =y'x'. If (xy)' =y'x', then (yx)' = x'y'. Proof. Let (xy)'=x'y'. liyx = xy, then (yx)' = (xy)' =x'y' =y'x' by (1). If yxT^xy, then the assertion follows since the mapping is 1-1. The case where (xy)' =y'x' is similar.
(
Proof. If xy =yx, then (3) follows from (1). If xy^yx, then by (2) 3 That is, a half-isomorphism is, in this case, a semi-isomorphism (see Dinkines [3] ). The converse is not true even for groups since there exist semi-automorphisms which are neither automorphisms nor anti-automorphisms.
(yx2)' =x'2y'. In either case, since x2y^xyx^yx2, we must have (xyx)' =x'y'x'.
(4) If the theorem is false, then there exist x, y, z£C7 such that (xy)' = x'y'r*y'x' and (xz)' =z'x'^x'z'.
Proof. Let A be the set of xEG such that (xy)' = x'y' for all yGG, and B the set of x£G such that (xy)' = y'x' for all y£G. If A=G, then the mapping is an isomorphism; if B = G, it is an antiisomorphism. If there exists an x£G such that xQA and xQB, then (4) is evident. Therefore, it may be supposed that A <G,B<G, AVJB = G. Then there exist x, y, u, »£G such that (xy)' = x'y'=^y'x' and (uv)'=v'u'^u'v'.
Thus by (2) Hence y'x' =x'y', again a contradiction. This proves (4). Now deny the theorem and let x, y, z be as in (4).
(5) z'x'y'= y'x'z'. Proof.
Case 1. yz^zy. Then (y(xz))' = y'z'x' or z'x'y', while ((yx)z)' =y'x'z' or z'y'x'. But the cancellation law shows that (yxz)' = y'z'x' is impossible, as is (yxz)' = s'y'x'. Hence (5) follows.
Case 2. yz = zy. Then by (1), (yz)' =y'z' = z'y', and (x(yz))' = x'y'z' or y'z'x', ((xy)z)' = x'y'z' or z'x'y'. Hence (xyz)' =z'x'y' is impossible, so that (xyz)' =x'y'z'. Again (y(zx))' =y'x'z' or x'z'y', ((yz)x)' = y'z'x' or x'y'z'. Hence (yzx)' =y'x'z' is impossible, and (yzx)' = x'z'y' =x'y'z' = (xyz)'. By (2) But x'y'x'zVx'y'z'x', and z'x'y'xVz' x'x'y'. Also by (5), x'y'x'z' = x'z'x'y' T^z'x'x'y', z'x'y'x' -y'x'z'x' 9^-x'y'z'x'. This is a contradiction, and therefore the theorem is true.
Theorem 2. Every half-homomorphism of a group G into a group G' is either a homomorphism or an anti-homomorphism.
Proof. Let N be the kernel of the given half-homomorphism. It follows easily that N is a normal subgroup of G. Let a be the induced mapping from G/N into G': (xN)a = x'. Then a is a half-isomorphism of G/N into G'. By Theorem 1, a is either an isomorphism or an antiisomorphism. Hence the given half-homomorphism is either a homomorphism or an anti-homomorphism. Example 1. An example will be given of a semi-group S and a halfautomorphism of S which is neither an automorphism nor an antiautomorphism. Let the elements of 5 be 1, 2, 3, 4, 5, 6, 7, 8, let 21 =3, 45 = 6, 54 = 7 , and let all other products be 8. Then 5 is associative since any product of three elements is 8. Let 6'= 7, 7'= 6, and i' = i otherwise. It is easily verified that this mapping is a half-automorphism, and that (21)' = 2'1V1'2', (45)' = 5'4' ^4'5'. Thus the mapping is neither an automorphism nor an anti-automorphism of S. It is perhaps worth noting that a unit element may be adjoined to S, and the half-automorphism extended to the enlarged semi-group. Example 2. An example will be given of a loop L and a halfautomorphism of L which is neither an automorphism nor an antiautomorphism.
Let L be the loop with elements 1, 2, • • • , 8, and multiplication table:   12  3  4  5  6  7  8   112  3  4  5  6  7  8  223816547   337182456  446721835  551263784  665478123  7786543 12 884537261 Let 7' = 8, 8' = 7, and i' = i otherwise. It may then be verified that the mapping is a half-automorphism of L. However, (24)' = 2'4' y* 4'2', (56)' = 6'5' 5^ 5'6\ Hence the mapping has the desired properties. Math. Soc. vol. 69 (1950) pp. 479-502. 
